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Abstract: We construct a four supercharges Liouville superconformal field theory in four
dimensions. The Liouville superfield is chiral and its lowest component is a log-correlated
complex scalar whose real part carries a background charge. The action consists of a
supersymmetric Paneitz operator, a background supersymmetric Q-curvature charge and
an exponential potential. It localizes semiclassically on solutions that describe curved
superspaces with a constant complex supersymmetric Q-curvature. The theory is non-
unitary with a continuous spectrum of scaling dimensions. We study the dynamics on
the supersymmetric 4-sphere, show that the classical background charge is not corrected
quantum mechanically and calculate the super-Weyl anomaly. We derive an integral form
for the correlation functions of vertex operators.
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1 Introduction
The two-dimensional Liouville conformal field theory (CFT) has been studied extensively
since its introduction by Polyakov in the context of non-critical string theory [1]. A gener-
alization of Liouville CFT to higher dimensions that consists of a log-correlated real scalar
field with a background Q-curvature charge and an exponential Liouville potential has been
studied in [2]. This higher-dimensional CFT is part of the inertial range field theory of
turbulence proposed in [3, 4], where the Liouville field is a Nambu-Goldstone boson, the
background charge is related to the fluid intermittency and the Liouville potential is the
local fluid energy dissipation. The higher-dimensional Liouville CFT is non-unitary with
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a continuus spectrum of scaling dimensions. It localizes semiclassically on solutions that
describe manifolds with a constant Q-curvature and has an analog [2, 5] of the DOZZ [6, 7]
three-point function formula.
Two-dimensional N = 1 Liouville superconformal field theory (SCFT) has been in-
troduced in [8] in the context of non-critical superstring theory and the N = 2 Liouville
SCFT in [9]. While sharing some of the features of the two-dimensional Liouville CFT
such as N = 1 [10, 11] and N = 2 [12] analogs of the DOZZ three-point function formula,
there are also differences such as a non-renormalization of the background charge in the
the N = 2 Liouville SCFT [13, 14] and its duality to the two-dimensional fermionic black
hole [15].
The aim of this work is to construct and study an N = 1 Liouville SCFT in four
dimensions. This theory has four real supercharges as the N = 2 Liouville SCFT in
two dimensions. It is a higher derivative theory where the Liouville superfield is chiral,
its lowest component is a log-correlated complex scalar and its highest component is a
complex scalar that is dynamical rather than being auxiliary. The action consists of a
supersymmetric Paneitz operator [16], a background supersymmetric Q-curvature charge
[17] and an exponential potential. The theory is non-unitary with a continuous spectrum
of scaling dimensions and it localizes semiclassically on solutions that describe curved
superspaces with a constant complex supersymmetric Q-curvature. We will consider the
theory on the supersymmetric 4-sphere, show that the classical background charge is not
corrected quantum mechanically, calculate the super-Weyl anomaly and derive an integral
form for the correlation functions of vertex operators.
The paper is organized as follows. In section 2 we will study the classical properties
of the four-dimensional Liouville SCFT. We will construct the action by introducing a
supersymmetric Panietz operator and a supersymmetric Q-curvature that corresponds to
a background charge. We will analyze the classical super-Weyl invariance of the theory
and derive the field equations. Next we will consider the theory on the supersymmetric
4-sphere, analyze its noncompact R-symmetry and construct a solution to the classical
field equations. In section 3 we will study quantum aspects of the Liouville SCFT. We will
show that the classical value of the background charge is not corrected quantum mechan-
ically, classify the primary operators of the theory and calculate the super-Weyl anomaly
coefficients. In section 4 we will consider the correlation functions of vertex operators. We
will derive an integral expression for them by considering the relation to free fields and
four-dimensional Coulomb gas integrals, discuss the semiclassical limit and the light and
heavy primary operators. Section 5 is devoted to a summary and outlook. In appendix A
we will give a brief summary of notations and conventions. In appendix B we will calcu-
late in the semiclassical approximation the three-point function of light vertex operators
in two-dimensional N = 1 Liouville SCFT in agreement with the semiclassical limit of the
exact correlation functions.
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2 Classical Liouville SCFT in Four Dimensions
In this section we will construct and study the classical aspects of N = 1 Liouville super-
conformal field theory in four dimensions. We will use the notations of [18] that are briefly
summarized in appendix A. The supegravity multiplet consists of the vielbein eam(x), the
gravitino ψαm(x), ψ¯mα˙(x) and the auxiliary fields ba and M . The supergravity notations are
in Lorenzian signature (−,+,+,+). For the Euclidean signature of the supersymmetric
4-sphere we will follow the analytical continuation in [19].
2.1 The Classical Theory
2.1.1 Action
The action of four-dimensional Liouville superconformal field theory in curved superspace
reads:
SL(Φ, Φ¯) =
1
8pi2
∫
d4x d2Θ E
(
ΦPˆΦ¯ + 4QQˆΦ + 16pi2µe3bΦ
)
+ h.c. , (2.1)
where h.c. refers to hermitian conjugation. The Liouville superfield Φ is a chiral superfield
that consists of a complex Liouville field φ, a Weyl fermion ψα and a complex scalar F :
Φ = φ(x) +
√
2Θαψα(x) + ΘΘF (x) , (2.2)
and the Θ variables carry local Lorentz indices. Φ¯ denotes the anti-chiral conjugate of
Φ. The action (2.1) describes a higher derivative theory where the Liouville field φ is
log-correlated and the complex scalar F is dynamical rather than auxiliary. E is the chiral
density (A.7) and d4x d2Θ is the chiral curved superspace measure.
The dimensionless complex parameters in (2.1) are the background charge Q, the
cosmological constant µ and b. Note that we can always transform to the case where the
background charge Q is real by redefining the phase of the Liouville superfield. In the
following we will take Q and b to be real. We will denote by SC.G. the action (2.1) when
µ = 0 which describes a four-dimensional supersymmetric Coulomb gas.
There are two objects in the action (2.1), Pˆ and Qˆ, that play an important role in
superconformal geometry. The operator Pˆ is a supersymmetric extension of the conformally
covariant fourth-order differential Paneitz operator [20–22]:
P = 2 +Da
(
2Rab − 2
3
Rgab
)
Db , (2.3)
where Da is the covariant derivative and  = gabDaDb. Pˆ is a super-Weyl covariant
differential operator and takes the form [16]:
Pˆ = − 1
64
(D¯2 − 8R) (D2D¯2 + 16Dα (Gαα˙D¯α˙)) , (2.4)
where Dα is the covariant superderivative and R and G are chiral and real superfields,
respectively. They contain the Ricci scalar and the Ricci tensor, respectively, and their
lowest components are the auxiliary fields of the supergravity multiplet (A.1). Pˆ acts on
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an anti-chiral superfield Φ¯ and generates a chiral superfield:
DαΦ¯ = 0, D¯α˙PˆΦ¯ = 0 . (2.5)
The operator ˆ¯P conjugate to Pˆ acts on a chiral superfield Φ and produces an anti-chiral
one Dα ˆ¯PΦ = 0.
Qˆ is a supersymmetric extension of the Q-curvature [23]:
Q = −1
6
(
R+ 3RabRab −R2
)
, (2.6)
and is a super-Weyl covariant chiral superfield [17]:
Qˆ = −1
2
(D¯2 − 8R)(GaGa + 2RR¯− 1
8
D2R
)
, (2.7)
where Ga ≡= 12σαα˙a Gαα˙.
The Coulomb gas action (2.1) written in terms of Pˆ and Qˆ is an extension to curved
superspace of the four-dimensional Coulomb gas action written in terms of P and Q [2].
When setting the gravitino and the auxiliary fields of the supergravity multiplet to zero and
writing the supersymmetric Coulomb gas action SC.G. in components, the action for the
real part of the lowest component of the Liouville superfield Re(φ) reduces to the standard
bosonic Coulomb gas action [2].
2.1.2 Super-Weyl Invariance
Super-Weyl transformations [24] are supersymmetric generalizations of the bosonic Weyl
transformations that are parametrized by a chiral superfield σ and its anti-chiral conju-
gate σ¯. The lowest component of σ is a complex scalar 12(ω + iα), where ω(x) is the
transformation parameter of the bosonic Weyl transformation δωgmn = 2ωgmn, while α(x)
corresponds to a chiral transformation of the gravitino [24].
Infinitesimally we have:
δσE
a
M = (σ + σ¯)E
a
M ,
δσE
α
M = (2σ¯ − σ)E αM +
i
2
E aM σ¯
α˙α
a D¯α˙σ¯ ,
δσE
α˙
M = (2σ − σ¯)E α˙M +
i
2
E aM σ¯
α˙α
a Dασ ,
(2.8)
where EM is the super vielbein. Transformations (2.8) imply:
δσR = −2(2σ − σ¯)R− 1
4
D¯2σ¯ ,
δσGa = −(σ + σ¯)Ga + iDa(σ¯ − σ) .
(2.9)
Using (2.8) and (2.9) one can verify that the supersymmetric Paneitz operator Pˆ
(2.4) and supersymmetric Q-curvature Qˆ (2.7), transform covariantly under super-Weyl
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transformations:
δσPˆ = −6σPˆ, δσQˆ = −6σQˆ+ Pˆσ¯ , (2.10)
where in our notations they carry a super-Weyl weight six. (2.10) are the super-Weyl gen-
eralizations of the Weyl transformations of the Paneitz operator (2.3) and the Q-curvature
(2.6):
δωP = −4ωP, δωQ = −4ωQ+ Pω . (2.11)
The chiral measure carries weight minus six. The finite super-Weyl transformation of
the super-Panietz operator and the super-Q-curvature read:
Pˆ → e−6σPˆ, Qˆ → e−6σ
(
Qˆ+ Pˆσ¯
)
. (2.12)
The Liouville superfield Φ transforms under a super-Weyl transformation as:
Φ→ Φ− 2Qσ, Φ¯→ Φ¯− 2Qσ¯ . (2.13)
Using (2.12) and (2.13) we get that the supersymmetric Liouville action (2.1) is clas-
sically invariant under a super-Weyl transformation:
SL(Φ, Φ¯)→ SL(Φ, Φ¯)− SC.G.(2Qσ, 2Qσ¯) , (2.14)
with the background charge:
Q =
1
b
. (2.15)
Note, that the exponential potential is super-Weyl invariant by itself.
In order to derive (2.14) we used: 1∫
d4x d2Θ 2E Φ1PˆΦ¯2 =
∫
d4x d2Θ¯ 2E¯ Φ¯2 ˆ¯PΦ1
=
∫
d4x d2θ d2θ¯ E
(
1
16
D2Φ1D¯2Φ¯2 −DαΦ1Gαα˙Dα˙Φ¯2
)
,
(2.16)
where Φ1,Φ2 are chiral superfields, E is the full superspace integration measure and θ carry
Einstein indices. We see from (2.16) that Pˆ and ˆ¯P are related to a Hermitian form, and
that the kinetic term in (2.1) can be written in a Ka¨hler form. The Hermitian form is
super-Weyl invariant when Φ1,Φ2 carry zero weight.
The super-Weyl transformations (2.10) imply that the integral of the supersymmetric
Q-curvature over chiral superspace: ∫
d4x d2Θ 2EQˆ , (2.17)
is super-Weyl invariant. This is analgous to the integral of the Q-curvature (2.6) which is
1For Φ1 = Φ2 the component form of the real functional resulting from (2.16) was written in [25] up to
terms involving the gravitino.
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an invariant of the conformal geometry. One can construct the object [26–28]:∫
d4x d2Θ 2E
(
Qˆ+ 2WαβγWαβγ
)
= 4pi2 (χ+ ip) , (2.18)
where Wαβγ is a chiral superfield symmetric in all its indices that contains the Weyl tensor.
It transforms under super-Weyl transformation as:
δσWαβγ = −3σWαβγ . (2.19)
The integral (2.18) is super-Weyl invariant but it is not a supermanifold topological in-
variant of the curved superspace. However, when setting to zero the gravitino and the
auxiliary fields it is a topological invariant of the curved space, where χ and p are the
Euler characteristic and first Pontryagin invariant, respectively.
2.1.3 Field Equations
The field equations derived from the action (2.1) read:
PˆΦ¯ + 2QQˆ = −24pi2µbe3bΦ, ˆ¯PΦ + 2Q ˆ¯Q = −24pi2µ¯be3bΦ¯ . (2.20)
Using (2.12) one sees that a solution to these field equations can be viewed as super-Weyl
transformation parameters σ = b2Φ and σ¯ =
b
2 Φ¯ that transform the background curved
superspace into one with a constant complex super-Q-curvature:
Qˆ = −12pi2µb2, ˆ¯Q = −12pi2µ¯b2 . (2.21)
Note, in comparison, that the field equations in the non-supersymmetric Liouville field
theory studied in [2] have a real positive cosmological constant parameter µ and their
solutions can be viewed as Weyl factors that transform the background curved space into
a constant negative Q-curvature one.
2.2 Liouville SCFT on S4
2.2.1 Background Charge
Consider a superconformally flat supermanifold, i.e. one that satisfies Wαβγ = 0, with the
topology of supersymmetric S4. For a constant shift of the chiral superfield by a complex
number φ0 we get:
SC.G.(Φ + φ0) = SC.G.(Φ) + 4QRe(φ0) . (2.22)
In deriving (2.22) we used (2.18) with χ = 2 and p = 0, which are the Euler characteristic
and first Pontryagin invariant of S4. One can check these values by plugging in (2.22) the
background auxiliary fields of the supergravity multiplet for a rigid supersymmteric theory
on S4 [19].
Since the S4 supermanifold is superconformally equivalent to supersymmetric flat
space, we can preform a (singular) super-Weyl transformation and work with flat space
super vielbein. Following equation (2.13), assuming a regular solution on the sphere S4,
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this singular transformation results in a boundary condition for the Liouville superfield Φ:
Φ = −2Q log (|x|) +O(1), |x| → ∞ . (2.23)
Writing (2.23) in component form we get:
Re(φ) = −2Q log (|x|) +O(1), |x| → ∞ , (2.24)
while all the other component fields Im(φ), ψ, F approach a finite limit. As a result of (2.24)
the real part of the lowest component φ of the Liouville superfield Re(φ) has a background
charge Q.
2.2.2 Action and R-Symmetry
Using the super-Weyl mapping of the supersymmetric sphere S4 to a supersymmetric flat
space background the action (2.1) reads:
SL =
1
128pi2
∫
d4x d2θ d2θ¯ D2ΦD¯2Φ¯ +
[∫
d4x d2θ µe3bΦ + h.c.
]
, (2.25)
where the Liouville superfield reads:
Φ = φ(x+) +
√
2θψ(x+) + θθF (x+) , (2.26)
and xm+ = x
m + iθσmθ¯ is the chiral coordinate, D¯α˙x
m
+ = 0. The conjugate anti-chiral
coordinate is denoted by xm− = xm − iθσmθ¯. In components (2.25) takes the form:
SL =
1
8pi2
∫
d4x
(
φ†2φ+ ψ¯σ¯a∂aψ + F † (−)F +
[
24pi2µb
(
F − 3
2
bψψ
)
e3bφ + h.c.
])
.
(2.27)
Liouville SCFT on the sphere is invariant under an R-symmetry. This is not the
standard U(1)R symmetry:
Φ′
(
eiαθ, x+
)
= e2inαΦ (θ, x+) , Φ¯
′ (e−iαθ¯, x−) = e−2inαΦ¯ (θ¯, x−) , (2.28)
which is a symmetry of the higher-derivative kinetic term in the action (2.25) but is broken
both by the interaction term and by the boundary condition (2.23). Rather, under the
R-symmetry the Liouville superfield transforms in an affine representation:
Φ′
(
eiαθ, x+
)
= Φ(θ, x+) +
2i
3b
α, Φ¯′
(
e−iαθ¯, x−
)
= Φ¯
(
θ¯, x−
)− 2i
3b
α . (2.29)
In component form it reads:
φ→ φ+ 2i
3b
α, ψ → e−iαψ, F → e−2iαF . (2.30)
The R-symmetry group is noncompact and isomorphic to R, thus the R-charges are not
quantized.
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2.2.3 Classical Solution
The field equations read:
− 1
64
D2D¯2D2Φ = −24pi2µ¯be3bΦ¯ , (2.31)
and in component form:
2φ = −72pi2µ¯b2
(
F † − 3
2
bψ¯ψ¯
)
e3bφ
†
,
/∂ψ = 72pi2µ¯b2ψ¯e3bφ† ,
−F = −24pi2µ¯be3bφ† .
(2.32)
The field equations are supplemented by the boundary conditions:
φ = −2
b
log (|x|) +O(1), |x| → ∞ , (2.33)
where we used the classical value Q = 1b of the background charge.
A solution to the equations of motion (2.31) for the Lioville superfield is given by:
Φ(θ, x+) = −1
b
log
(∣∣pi2b2µ∣∣2/3 |x+|2 + 1)+ 1
3b
log
2
3
− θθ 2µ¯
b|µ|
∣∣pi2b2µ∣∣1/3
|pi2b2µ|2/3 |x+|2 + 1
. (2.34)
Note, that the fermionic part of the solution (2.34) is zero. The solution (2.34) is obtained
by an analytical continuation to complex radii of the super-Weyl factor of the supersym-
metric sphere S4 defined in [19].
An analogous method applied to the non-supersymmetric Liouville theory allows to
write a solution for a constant positive Q-curvature version of the equations. However,
the solution cannot be analytically continued to a real function that solves the physically
relevant constant negativeQ-curvature equations. In the supersymmetric case, the complex
nature of the component fields allows for an analytic continuation to exist for all values of
the complex parameter µ, µ¯.
3 Quantum Liouville SCFT in Four Dimensions
In this section we study quantum aspects of the Liouville SCFT. We classify the primary
operators, their scaling dimensions and R-charges, show that the background charge is not
corrected quantum mechanically and calculate supersymmetric Weyl anomaly coefficients.
3.1 Primary Operators and Background Charge Non-Renormalization
The supersymmetric four-dimensional Coulomb gas theory, (2.27) when µ = 0 is a free
SCFT that consists of an ordinary four-dimensional Coulomb gas field Re(φ) with a back-
ground charge Q [2], a conformal four-derivative real scalar Im(φ), a conformal three-
derivative Weyl fermion ψ [29] and its conjugate [25] and a conformal two-derivative com-
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plex scalar F . The free field correlations functions read:〈
φ(x)φ†(y)
〉
C.G.
= − log(|x− y|) ,〈
F (x)F †(y)
〉
C.G.
= −
〈
φ(x)φ†(y)
〉
C.G.
=
2
|x− y|2 ,〈
ψα(x)ψ¯β˙(y)
〉
C.G.
= −σm
αβ˙
∂m
〈
φ(x)φ†(y)
〉
C.G.
= σm
αβ˙
xm
|x− y|2 .
(3.1)
Consider the vertex operator:
Vαα˜ = e
2αφ+2α˜φ† = e2(α+α˜)Re(φ)+2i(α−α˜)Im(φ), (3.2)
where α, α˜ are two independent complex numbers. When α = α˜ we denote Vα = Vαα˜. The
vertex operators have scaling dimensions:
∆αα¯ = −4αα˜+ 2Q(α+ α˜) , (3.3)
and R-charges (2.30):
rαα˜ =
4
3b
(α− α˜) . (3.4)
Equations (3.3), (3.4) are invariant under
α→ 1
b
− α˜, α˜→ 1
b
− α , (3.5)
which suggests that Vα,α˜ and V1/b−α˜,1/b−α correspond to the same quantum operator, up
to normalization:
V1/b−α˜,1/b−α = R(α, α˜)Vα,α˜ . (3.6)
As in two dimensions we will call R(α, α˜) a reflection coefficient.
Requiring the Liouville interaction to be a marginal operator implies:
∆(e3bφ) = ∆ 3
2
b,0 = 3 , (3.7)
and using (3.3) we get the quantum value of the background charge:
Q =
1
b
. (3.8)
We see that the classical value of the background charge (2.15) is not corrected quantum
mechanically. Note that N = 2 Liouville SCFT in two dimensions [13, 14] exhibits a similar
non-renormalization of the background charge.
The dimensions and R-charges of the fermions and the complex scalar read:
∆ψ = ∆ψ¯ =
1
2
rψ = −rψ¯ = −1, ∆F = ∆F † = 1 rF = −rF † = −2 , (3.9)
and one constructs primary operators by multiplying the vertex operator (3.2) with an
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integer power of these fields. Consider the operator O with mψ, mψ¯ insertions of the
fermionic fields and mF , mF † insertions of the complex scalar. Its dimension and R-charge
read:
∆O = −4αα˜+ 2Q (α+ α˜) + 1
2
(
mψ +mψ¯
)
+mF +mF † ,
rO =
4
3b
(α− α˜) +mψ¯ −mψ + 2 (mF † −mF ) . (3.10)
In particular, the scaling dimension and R-charge of the chiral primary operator:
Oα = eαΦ, ∆Oα = Qα, rOα =
2α
3b
, (3.11)
satisfy rOα =
2
3∆Oα as expected.
3.2 Super-Weyl Anomalies
The supertrace T is the supersymmetric version of the trace of the stress-energy tensor and
is a chiral superfield defined as the variation of the action under a super-Weyl transforma-
tion. The supertrace vanishes on-shell when the classical action is super-Weyl invariant.
The quantum expectation value of the supertrace is the variation of the quantum action
W = − logZ under a super-Weyl transformation:
〈T 〉 = δW
δσ
. (3.12)
The super-Weyl symmetry of the classical theory is in general anomalous at the quantum
level and the expectation value for the supertrace (3.12) is nonzero on a curved superspace
background.
The structure of the super-Weyl anomaly reads [27, 30, 31]:
〈T 〉 = c
2pi2
WαβγWαβγ − a
8pi2
G + h (D¯2 − 8R)D2R . (3.13)
G is a topological density [26]:
G = 4WαβγWαβγ −
(D¯2 − 8R) (GaGa + 2RR¯) , (3.14)
and its chiral superspace integral is related to the Euler characteristic and first Pontrya-
gin invariant by (2.18). The supertrace (3.13) can be related to the Weyl anomaly by
setting the gravitino and the auxiliary fields of the supergravity multiplet to zero. The
anomaly coefficients a and c correspond to the A-type and B-type Weyl anomalies [32, 33].
The coefficient h is regularization dependent and can be changed by adding a finite local
counterterm to the quantum action.
The Weyl anomaly coefficients of the Liouville SCFT do not depend on the interaction
terms and are the same as those of the supersymmetric Coulomb gas theory by the following
reasoning. One can calculate the anomaly coefficients by considering correlation functions
of the stress-energy tensor in a state of our choice. The interaction terms in the action (2.1)
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are invariant under an arbitrary variation of the metric, hence the stress-energy tensors of
Liouville SCFT and supersymmetric Coulomb gas theory are equal. By choosing to the
evaluate correlation functions of the stress-energy tensor in a state in which Re(φ) 0 we
can turn off the interaction terms and reduce the calculation of the anomaly coefficients
to the supersymmetric Coulomb gas theory. The latter calculation is straightforward since
we work with free fields and is simply the sum of the Weyl anomalies of the component
fields listed in the table [2, 22, 25, 34]:
Re(φ) theory a = − 790 −Q2 c = − 115
Im(φ) theory a = − 790 c = − 115
ψ theory a = − 380 c = − 1120
F theory a = 1180 c =
1
60
Summing the Weyl anomalies we get the anomaly coefficients of the Liouville SCFT:
a = − 3
16
−Q2, c = −1
8
. (3.15)
4 Correlation Functions
In this section we will analyze the correlation functions of vertex operators (3.2). We will
relate them to free fields and four-dimensional Coulomb gas integrals and will discuss the
semiclassical limit and the correlation functions of light primary operators.
4.1 Relation to Free Fields
Consider the correlation functions of vertex operators (3.2):
Gα1α˜1,...,αN α˜N (x1, . . . , xN ) = 〈Vα1α˜1(x1) · · ·VαN α˜N (xN )〉 , (4.1)
where
〈Vα1α˜1(x1) · · ·VαN α˜N (xN )〉 ≡
∫
DΦ e−SL
N∏
i=1
e2αiφ(xi)+2α˜iφ
†(xi) . (4.2)
By shifting φ→ φ− log µ3b we get using (2.22) a KPZ scaling relation:
Gα1α˜1,...,αN α˜N (x1, . . . , xN ) ∝ µsµ¯s˜, s =
2− 2∑i bαi
3b2
, s˜ =
2− 2∑i bα˜i
3b2
. (4.3)
The KPZ scaling relation (4.3) shows that the correlation functions are not analytic in µ, µ¯
and a naive perturbation theory in µ and µ¯ fails. We denote the chiral and anti-chiral parts
of the Liouville interaction terms by:
S+ =
∫
d4x d2θ e3bΦ =
∫
d4x 3b
(
F − 3
2
bψψ
)
e3bφ,
S− =
∫
d4x d2θ¯ e3bΦ¯ =
∫
d4x 3b
(
F † − 3
2
bψ¯ψ¯
)
e3bφ
†
,
(4.4)
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and
SL = SC.G. + µS+ + µ¯S− . (4.5)
We separate in the path integral the zero mode ϕ0 of Re(φ) and write the decomposition
φ(x) = ϕ0 + φ̂(x). Integrating over the zero mode using (2.22) we get:
Gα1α˜1,...,αN α˜N (x1, . . . , xN ) =
=
∫
dϕ0DΦ̂ e
−SL(ϕ0+Φ̂)
N∏
i=1
e2αi(ϕ0+φ̂(xi))+2α˜i(ϕ0+φ̂
†(xi))(xi)
=
∫
dϕ0DΦ̂ e
−SC.G.(Φ̂)− 4bϕ0−µe3bϕ0S+(Φ̂)−µ¯e3bϕ0S−
(̂¯Φ) N∏
i=1
e2αi(ϕ0+φ̂(xi))+2α˜i(ϕ0+φ̂
†(xi))
=
∫
DΦ̂ e−SC.G.
N∏
i=1
e2αiφ̂(xi)+2α˜iφ̂
†(xi)
∫
dϕ0 exp
(
−3b(s+ s˜)ϕ0 − e3bϕ0(µS+ + µ¯S−)
)
=
∫
DΦ̂ e−SC.G
N∏
i=1
e2αiφ̂(xi)+2α¯iφ̂
†(xi) Γ(−s− s˜)
3b
(µS+ + µ¯S−)s+s˜
=
Γ(−s− s˜)
3b
〈
N∏
i=1
e2αiφ̂(xi)+2α¯iφ̂
†(xi)(µS+ + µ¯S−)s+s˜
〉
C.G.
,
(4.6)
where 〈. . . 〉C.G. denotes expectation values in the free supersymmetric Coulomb gas theory.
At s+s˜ = k ∈ N∪{0} the gamma function diverges, which suggests that the correlation
functions (4.2) have poles whenever the sum s+ s˜ is a non-negative integer. At these values
naive perturbation theory correctly predicts the residues of the correlation function in the
variable 2
∑
(αi + α˜i):
G(k)α1α˜1,...,αN α˜N (x1, . . . , xN ) = Res
2
∑
(αi+α˜i)=
4
b
−3kb
Gα1α˜1,...,αN α˜N (x1, . . . , xN ) . (4.7)
We can then write:
G(k)α1α˜1,...,αN α˜N (x1, . . . , xN ) =
1
k!
〈
N∏
i=1
Vαiα˜i(xi)(−µS+ − µ¯S−)k
〉
C.G.
=
∑
n+n˜=k
(−µ)n(−µ¯)n¯
n!n˜!
〈
N∏
i=1
Vαiα˜i(xi)(S+)
n(S−)n˜
〉
C.G.
≡
∑
n+n˜=k
(−µ)n(−µ¯)n˜G(n,n˜)α1α˜1,...,αN α˜N (x1, . . . , xN ).
(4.8)
From the KPZ scaling relation (4.3) we see that only one term in the sum appearing in
equation (4.8) can contribute to the residue. As a result, we can only have a pole when s, s˜
are both non-negative integers which we denote s = n, s˜ = n˜. Substituting the definition
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(4.4) into equation (4.8) we have:
G(n,n˜)α1α˜1,...,αN α˜N (x1, . . . , xN ) =
=
(3b)n+n˜
n!n˜!
〈
N∏
i=1
Vαiα˜i(xi)
n∏
a=1
∫
d4ua
(
F − 3b
2
ψψ
)
e3bφ
n˜∏
a˜=1
∫
d4u˜a˜
(
F † − 3b
2
ψ¯ψ¯
)
e3bφ
†
〉
C.G.
=
∑
nF+nψ=n
n˜F+n˜ψ=n˜
(3b)nF+n˜F+2nψ+2n˜ψ
2nψ+n˜ψnF !n˜F !nψ!n˜ψ!
∫
d4nu d4n˜u˜
〈
N∏
i=1
Vαiα˜i(xi)
n∏
a=1
e3bφ(ua)
n˜∏
a˜=1
e3bφ
†(u˜a)
〉
C.G.
×
〈
nF∏
a=1
F (ua)
n˜F∏
a˜=1
F †(u˜a˜)
〉
C.G.
〈 nψ∏
a=1
ψ(ua)ψ(ua)
n˜ψ∏
a˜=1
ψ¯(u˜a˜)ψ¯(u˜a˜)
〉
C.G.
≡
∑
nF+nψ=n
n˜F+n˜ψ=n˜
(3b)nF+n˜F+2nψ+2n˜ψ
2nψ+n˜ψ
G(nF ,n˜F ,nψ ,n˜ψ)α1α˜1,...,αN α˜N (x1, . . . , xN ) ,
(4.9)
where the integration measure is d4nu d4n˜u˜ ≡ d4u1 · · · d4und4u˜1 · · · d4u˜n˜.
In order to compute the residues, which are related to expectation values in supersym-
metric Coulomb gas theory, we will use Wick’s theorem where the free fields propagators
are given in (3.1). Examining G(nF ,n˜F ,nψ ,n˜ψ)α1α˜1,...,αN α˜N defined in equation (4.9) we see that in order
to get a non-vanishing result we must have nF = n˜F , nψ = n˜ψ and therefore n = n˜.
Consider the three-point function. Conformal invariance implies the general form:
〈Vα1α˜1(x1)Vα2α˜2(x2)Vα3α˜3(x3)〉 =
C(α1, α˜1, α2, α˜2, α3, α˜3)
|x12|∆1+∆2−∆3 |x13|∆1+∆3−∆2 |x23|∆2+∆3−∆1 , (4.10)
where ∆i = ∆αiα˜i , i = 1, 2, 3 and the function C(α1, α˜1, α2, α˜2, α3, α˜3) specifies the struc-
ture constants of the Liouville SCFT. Looking at the residues corresponding to the three-
point function and using Wick contraction we get:
G(nF ,nF ,nψ ,nψ)α1α˜1,α2α˜2,α3α˜3(x1, x2, x3) =
∏
i<j |xij |−4(αiα˜j+α˜iαj)
(nF !)2(nψ!)2
×
∫
d4nu d4nu˜
∏
a,a˜≤n
|ua − u˜a˜|−9b2
3∏
i=1
n∏
a=1
|xi − ua|−6bα˜i
n∏
a˜=1
|xi − u˜a˜|−6bαi
×
〈
nF∏
a=1
F (ua)
nF∏
a˜=1
F †(u˜a˜)
〉
C.G.
〈 nψ∏
a=1
ψ(ua)ψ(ua)
nψ∏
a˜=1
ψ¯(u˜a˜)ψ¯(u˜a˜)
〉
C.G.
.
(4.11)
In the first non-trivial case s = s˜ = 1 in the neutral sector α = α˜ we get two integrals,
nF = n˜F = 1, nψ = n˜ψ = 0 and nF = n˜F = 0, nψ = n˜ψ = 1. The first integral can be
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evaluated using the formulas derived in [5]. The result is:
G(1,1,0,0)α1α1,α2α2,α3α3(x1, x2, x3) =
=
∏
i<j
|xij |−8αiαj
∫
d4u d4u˜ |u− u˜|−9b2
3∏
i=1
|xi − u|−6bαi |xi − u˜|−6bαi 2|u− u˜|2
= 2pi2
∏
k 6=i<j 6=k
|xij |9b2−6−8αiαj+12bαk
γ2
(−92b2 − 1)
γ2
(−94b2 − 12)
(
3∏
i=1
γ2 (3bαi) γ2
(
3bαi +
9
4
b2 +
1
2
))−1
,
(4.12)
where γ2(x) =
Γ(x)
Γ(2−x) . The second integral is related to the first by G
(0,0,1,1)
α1α1,α2α2,α3α3(x1, x2, x3) =
−2G(1,1,0,0)α1α1,α2α2,α3α3(x1, x2, x3), which results in:
G(1,1)α1α1,α2α2,α3α3(x1, x2, x3) =
∏
k 6=i<j 6=k
|xij |9b2−6−8αiαj+12bαk
× 9pi2b2(2− 9b2) γ2
(−92b2 − 1)
γ2
(−94b2 − 12)
(
3∏
i=1
γ2 (3bαi) γ2
(
3bαi +
9
4
b2 +
1
2
))−1
.
(4.13)
In order to derive the supersymmetric analog of the DOZZ formula we need to perform
the integral for general nF and nψ, which we leave as an open problem.
4.2 The Semiclassical Limit
Consider correlation functions of vertex operators:
〈Vα1α˜1(x1) · · ·Vαnα˜n(xn)〉 ≡
∫
DΦce
−SL
n∏
i=1
exp
(
2
(
αi
b
φc(xi) +
α˜i
b
φ†c(xi)
))
, (4.14)
where we Φc = bΦ. We will be interested in evaluating the integral (4.14) in the semiclas-
sical limit b→ 0 using the saddle point approximation. The action (2.25) written in terms
of Φc scales as b
−2, thus in order for a vertex operator insertion Vαα˜ in (4.14) to affect the
saddle points we require the scaling α, α˜ ∼ b−1. In this case we define α = η/b, α˜ = η˜/b
where we keep η, η˜ fixed as b → 0. Such vertex operators are called heavy operators and
their scaling dimensions (3.3) and R-charges (3.4) read:
∆heavyαα˜ =
2
b2
(−2ηη˜ + η + η˜) , rheavyαα˜ =
4
3b2
(η − η˜) . (4.15)
Light operators are vertex operators with α = bσ, α˜ = bσ˜ where σ, σ˜ are kept fixed as
b→ 0. Their dimensions and charges in the semiclassical limit read:
∆lightαα˜ = 2 (σ + σ˜) +O(b
2), rlightαα˜ =
4
3
(σ − σ˜) . (4.16)
Light operators do not affect the saddle point and to lowest order in b, the insertion
of a light operator results in a multiplication by a b-independent factor e2σiφc(xi)+2σ˜iφ
†
c(xi)
where φc is the saddle point. On the other hand, the insertion of a heavy operator affects
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the saddle point by adding to the equations of motion (2.32) the boundary conditions:
φc(x) = −2η¯ log (|x− xi|) +O(1), φ†c(x) = −2η log (|x− xi|) +O(1), x→ xi . (4.17)
Therefore, the leading exponential asymptotic in the limit b→ 0 for the correlation function
of heavy and light operators is given by the semiclasssical expression:〈
V η1
b
η˜1
b
(y1) · · ·V ηn
b
η˜n
b
(yn)Vbσ1bσ˜1(x1) · · ·Vbσmbσ˜n(xm)
〉
∼ e−SL(Φη)
m∏
i=1
e2σiφη(xi)+2σ˜iφ
†
η(xi) ,
(4.18)
where Φη is the solution of the supersymmetric equations of motion obeying the correct
boundary conditions (4.17). This formula includes effects that are O(b−2) in the exponent
exactly, while O(b0) effects are included only if they depend on the positions or conformal
dimensions of the light operators. In general there will be more than one solution, and the
right hand side will include a sum, or an integral, over the space of solutions.
4.2.1 Light Primary Operators
Consider the three-point function of vertex operators of the form (4.14) where all three
operators are light. A saddle point solution is given by (2.34). In order to calculate
the three-point function in the semiclassical approximation one has to integrate over all
solutions related to this one by superconformal mappings. Of course, one also needs to show
this exhausts the space of saddle point solutions. In appendix B we show that this scheme
indeed works for two-dimensional N = 1 Liouville SCFT and agrees with the semiclassical
limit of the known exact result. In [2] we used this scheme and calculated in the saddle
point approximation the three-point functions of light primary operators of Liouville CFT
in an arbitrary number of even dimenision. The result agrees with the semiclassical limit
of a later exact calculation performed in [5]. In both the two-dimensional N = 1 Liouville
SCFT and the higher dimensional Liouville CFT we use one saddle point solution and all
those related to it by the symmetries of the problem.
All conformal mappings on a domain of Rd for d > 2 are a composition of translations,
dilations, inversions and orthogonal transformation, i.e. are higher-dimensional Mo¨bius
transformations. These transformations can be described using 2× 2-matrices with entries
in the Clifford algebra Cd−1 = C`0,d−1(R) [35]. In this formalism, higher-dimensional
Mo¨bius transformations can be written as x→ (αx+β)(γx+δ)−1 where α, β, γ, δ ∈ Γd−1∪
{0}, αβ∗, γδ∗, γ∗α, δ∗β ∈ Rd and αδ∗−βγ∗ = 1. This conformal mapping introduces a Weyl
transformation with σ = 2 log (|γx+ δ|). Using this we were able to perform the integral
over the symmetry group of the saddle point solution. In order to perform the integral in
our case we need a generalization of the the four-dimensional Mo¨bius transformation to
the N = 1 superconformal case. This, however, seem to exists only for even N [38]. We
leave this for further study.
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4.2.2 Heavy Primary Operators
When considering the opposite case, where all vertex operators are heavy, we are interested
only in effects that are O
(
b−2
)
in the exponent. As was done in the two-dimensional case
[39] one can integrate out the fermions. This integration is Gaussian, and since in the
exponent there is no term that is linear in the fermions, it results in a multiplication
by a functional determinant of an operator involving the three-derivative fermion kinetic
operator and the fermions’ ”masses” (i.e. the terms multiplying ψψ and ψ¯ψ¯ in the action)
which are light vertex operators of the form µb2e3bφ, µ¯b2e3bφ
†
. This functional determinant
is of order O(b0) in the exponent and therefore has no effect on our result. Thus we see that
for the calculation of the correlation function of heavy operators one can set the fermionic
fields to zero in the functional integral, which leaves us with an action containing only
φ, F .
In the two dimensional case the field F is an auxiliary field with no kinetic term,
and therefore it can be integrated out as well by replacing it by its value as dictated by
its equations of motion. This reduces the two-dimensional super Liouville action to the
two-dimensional ordinary Liouville action and demonstrates that, to leading order, the
correlation functions of heavy operators are the same in both theories. In contrast, in
the four-dimensional case the field F is a massless propagating field and the interaction
term is linear in it. Therefore, trying to integrate it out results as expected in a non-local
interaction term of the form
∫
e3bφ−1e3bφ and not in an ordinary Liouville interaction
term. We leave this for a future study.
5 Summary and Outlook
We constructed and studied the classical and quantum properties of an N = 1 supersym-
metric extension of the four-dimensional Liouville CFT [2]. There are numerous directions
to follow from here.
Solving analytically the integrals for the three-point function of vertex operators is of
much importance and it is likely that a DOZZ-like formula will be revealed. This can lead
to a complete bootstrap solution of the theory. Performing the integral over the N = 1
superconfromal group and deriving the three-point function of light primary operators in
the semiclassical approximation is quiet valuable as well. Another interesting direction to
follow is the study of deformations of the theory.
As we have seen theN = 1 Liouville SCFT in four dimensions exhibits some similarities
to the N = 2 Liouville SCFT in two dimensions such as a non-renormalization of the
classical background charge. It would be interesting to see if there is also an N = 1 four-
dimensional duality relation reminiscent of the one between the N = 2 Liouville SCFT and
the two-dimensional fermionic black hole [15]. From (3.3) and (3.4) one sees that the vertex
operator V 1
b
= e
2
b
(φ+φ†) has zero scaling dimension and R-charge. N = 2 Liouville SCFT
in two dimensions exhibits a similar phenomena and it has been used in [36, 37] to argue
for the existence of a dual decription of the theory. This structure and its interpretation
deserves a further study both in two and four dimensions.
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One can generalize the N = 1 Liouville SCFT and construct an N = 2 Liouville
SCFT in four dimensions where the quaternionic formalism [38] may be useful for solving
the model. One can also go to higher dimensions and construct six-dimensional N = 1 and
N = 2 Liouville SCFTs by generalizing the concepts of supersymmetric Weyl covariant
differential operator and supersymmetric Q-curvature.
The study of the higher-dimensional Liouville SCFTs in the presence of boundaries is
likely to reveal a rich structure. Finally one can consider odd dimensions where Liouville
SCFTs are non-local with a pseudo-diffrenetial Weyl covariant operator and a non-local
Q-curvature.
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A Notations and Conventions
We use the notations of [18] in Lorentzian signature. These were adapted to Euclidean
signature in appendix A of [40]. We denote the conjugate of the spinor field ψα by ψ¯α˙ =
(ψα)
†, where {α, α˙} = {1, 2}.
TheN = 1 supergravity multiplet includes the vielbein eam(x), the gravitino ψαm(x), ψ¯
˙α(x)
m
and the auxiliary fields M and ba. It can be formulated in terms of three superfields: R,
Wαβγ and Ga. Ga is a real superfield G
†
αα˙ = Gαα˙, R and Wαβγ are chiral superfields:
D¯α˙R = D¯α˙Wαβγ = 0 where D is the covariant superderivative. Wαβγ is completely sym-
metric in all three indices. Their anti-chiral complex conjugated partners are denoted by
R¯ and W¯αβγ , respectively.
One has [18, 41, 42]:
R |θ=θ¯=0= −
1
6
M,
Ga |θ=θ¯=0= −
1
3
ba . (A.1)
In flat space a chiral superfield D¯α˙Φ = 0 can be expanded as:
Φ = φ(x+) +
√
2θψ(x+) + θθF (x+), x
m
+ = x
m + iθσmθ¯ , (A.2)
where
φ = Φ |θ=θ¯=0, ψα =
1√
2
DαΦ |θ=θ¯=0, F = −
1
4
D2Φ |θ=θ¯=0, (A.3)
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One defines new Θα variables such that the expansion coefficients of the chiral superfields
are the covariant components:
Φ = φ(x) +
√
2Θαψα(x) + ΘΘF (x), (A.4)
and the Θ variables carry local Lorentz indices. One has:
R = −1
6
(
M + Θ
(
σaσ¯bψab − iσaψ¯aM + iψaba
)
+ ΘΘ
(
−1
2
R+ iψ¯aσ¯bψab + 2
3
MM∗
+
1
3
baba − iema Dmba +
1
2
ψ¯ψ¯M − 1
2
ψaσ
aψ¯cb
c
+
1
8
abcd
(
ψ¯aσ¯bψcd + ψaσbψ¯cd
)))
,
(A.5)
and R denotes the bosonic Ricci scalar.
The chiral superspace integral is invariant under supergravity trnasformation:∫
d2Θ 2EW (Φ), (A.6)
where W (Φ) stands for any holomorphic function of Φ. E is the chiral density:
E = e
2
(
1 + iΘσaψ¯a −ΘΘ
(
M∗ + ψ¯aσ¯abψ¯b
))
, (A.7)
and e = det(eam).
B Light Operators Three-Point Function in Two-Dimensional N = 1 Li-
ouville SCFT
The two-dimensional N = 1 Liouville SCFT action reads [1, 13]:
S =
1
2pi
∫
d2z dθ dθ¯
(
DΦD¯Φ + 4piiµebΦ
)
=
1
2pi
∫
d2z
(
∂φ∂¯φ+ ψ∂¯ψ + ψ¯∂ψ¯ − F 2 + 4piµ (ib2ψψ¯ − bF ) ebφ) , (B.1)
where φ is a real Liouville field, F is a real bosonic auxiliary field and ψ is a fermionic field
with two off-shell degrees of freedom. The dimensionless parameters are the cosmological
constant µ, the background charge Q and b. The Liouville field φ has background charge
Q, i.e. it satisfies the boundary conditions:
φ = −Q log(zz¯) +O(1), |z| → ∞ . (B.2)
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The classical field equations read:
∂∂¯φ = 2piµb2
(
ibψψ¯ − F ) ebφ,
∂¯ψ = 2piiµb2ψ¯ebφ,
F = −2piµbebφ . (B.3)
We will work in the semiclassical limit b → 0 and calculate the three-point function of
light vertex operators in the saddle point approximation. We define Φc = bΦ and look for
saddle points of the action. There are no real solutions of the field equations that satisfy the
boundary conditions (B.2), and we will look for complex saddle points. Our starting point
is the sphere solution, which when analytically continued corresponds to the supergravity
multiplet of the supersymmetric sphere of radius r:
φc = − log
( |z|2 + 1
2r
)
, ψc = 0, Fc =
i
|z|2 + 1 , (B.4)
with r = ± i
4piµb2
imaginary. Without loss of generality we choose r = − i
4piµb2
so that
µb = − i4pirb .
In terms of the superfield the classical solution (B.4) is given by
Φc = φc + iθθ¯Fc. (B.5)
Since the theory is superconformally invariant, in order to use the saddle point approxima-
tion we have to integrate over all solutions related to (B.5) by a superconformal transforma-
tion. All superconformal transformations can be written as super-Mo¨bius transformations
which read [43]:
z′ =
az + b
cz + d
+ θ
αz + β
(cz + d)2
, θ′ =
αz + β
cz + d
+
θ
cz + d
, (B.6)
where a, b, c, d are complex numbers, α, β are complex Grassmann numbers and ad− bc =
1 + αβ. The supergroup of super-Mo¨bius transformations is isomorphic to the Lie super-
group OSp(2; 1) which has the supermatrix representation:
OSp(2; 1) =

 a b bα− aβc d dα− cβ
α β 1− αβ

∣∣∣∣∣∣∣ a, b, c, d ∈ C, ad− bc = 1 + αβ
 . (B.7)
The superdeterminants of all supermatrices M ∈ OSp(2; 1) are equal to one, sdet(M) = 1.
Under super-Mo¨bius transformation the Liouville superfield solution (B.5) transforms
as:
Φ′c = φc
(
z′, z¯′
)
+ iθ′θ¯′Fc(z′, z¯′)− σ , (B.8)
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where σ is the super-Weyl factor associated with super-Mo¨bius transformation:
σ = log
(
|cz + d+ δθ|2
)
, (B.9)
and δ = αd+ βc.
A straightforward calculation yields the following expression for the zeroth and second
order components in the θ expansion after a super-Mo¨bius transformation:
Φ′c |θ=θ¯=0 = log(2r)− log
(|az + b|2 + |cz + d|2)− |αz + β|2|az + b|2 + |cz + d|2 ,
Φ′c |θθ¯ = iθθ¯
(
i
|az + b|2 + |cz + d|2 −
i|αz + β|2
(|az + b|2 + |cz + d|2)2
)
. (B.10)
The fermionic parts were ignored for simplicity. One can verify that (B.10) satisfy the
parts of the equations of motion that are independent of the fermions (the equation of
motion for the auxiliary field and the zeroth-order term of the scalar equation of motion in
the Grassmann numbers). We use the zeroth component of this result to write light vertex
operators evaluated at the saddle point:
eσiφc = (2r)σi
1
(|az + b|2 + |cz + d|2)σi
(
1− σi |αz + β|
2
|az + b|2 + |cz + d|2
)
. (B.11)
Using the conformal invariance of the correlation function, we set our three light vertex
operators at points z = 0, 1,∞ and write the structure constants as:
C(bσ1, bσ2, bσ3) = 〈Vbσ1(0)Vbσ2(1)Vbσ3(∞)〉
∼
∫
dµ(a, b, c, d, α, β)eσ1φ(0)eσ2φ(1)eσ3φ(∞) ,
(B.12)
where dµ(a, b, c, d, α, β) is a super-Haar measure on the supergroup OSp(2; 1):
dµ(a, b, c, d, α, β) = δ2(ad− bc− 1− αβ)d2a d2b d2c d2d d2αd2β. (B.13)
Equation (B.12) yields:∫
dµ(a, b, c, d, α, β)
(
(2r)σ1
Σσ11
(
1− σ1 |β|
2
Σ1
)
(2r)σ2
Σσ22
(
1− σ2 |α+ β|
2
Σ2
)
(2r)σ3
Σσ33
(
1− σ3 |α|
2
Σ3
))
,
(B.14)
where Σ1 = |b|2 + |d|2, Σ2 = |a+ b|2 + |c+ d|2 and Σ3 = |a|2 + |c|2. Equation (B.14) reads:
(2r)σ1+σ2+σ3
∫
dµ(a, b, c, d, α, β)
1
Σσ11 Σ
σ2
2 Σ
σ3
3
(
1− σ1
Σ1
|β|2 − σ2
Σ2
|α+ β|2 − σ3
Σ3
|β|2
+
σ1σ2
Σ1Σ2
|α|2|β|2 + σ1σ3
Σ1Σ3
|α|2|β|2 + σ2σ3
Σ2Σ3
|α|2|β|2
)
.
(B.15)
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With a change of variables x→ (1 + 12αβ)x, for x = {a, b, c, d}, (B.15) yields:
(2r)σ1+σ2+σ3
∫
dµB
1
Σσ11 Σ
σ2
2 Σ
σ3
3
∫
d2αd2β
∣∣∣∣1 + (1− σ1 + σ2 + σ32 αβ
)∣∣∣∣2(
1− σ1
Σ1
|β|2 − σ2
Σ2
|α+ β|2 − σ3
Σ3
|β|2
+
(
σ1σ2
Σ1Σ2
+
σ1σ3
Σ1Σ3
+
σ2σ3
Σ2Σ3
)
|α|2|β|2
)
,
(B.16)
where dµB ≡ δ2(ad − bc − 1)d2ad2bd2cd2d is the bosonic measure. Integration over the
grassman variables yields:
(2r)σ1+σ2+σ3
∫
dµB
(
− 1
Σσ11 Σ
σ2
2 Σ
σ3
3
(
1− σ1 + σ2 + σ3
2
)2
+
σ1σ2
Σσ1+11 Σ
σ2+1
2 Σ
σ3
3
+
σ1σ3
Σσ1+11 Σ
σ2
2 Σ
σ3+1
3
+
σ2σ3
Σσ11 Σ
σ2+1
2 Σ
σ3+1
3
)
.
(B.17)
From [6]: ∫
dµB
Σσ11 Σ
σ2
2 Σ
σ3
3
=
Γ
(σ1+2+3
2
)
Γ
(σ1+2−3
2
)
Γ
(σ1−2+3
2
)
Γ
(σ−1+2+3
2
)
Γ(σ1)Γ(σ2)Γ(σ3)
, (B.18)
where σi+j±k ≡ σi + σj ± σk, and {i, j, k} = {1, 2, 3}. Using xΓ(x+1) = 1Γ(x) , the integral
(B.17) yields:
(2r)σ1+σ2+σ3
Γ
(
σ1+σ2+σ3
2
)
Γ
(
σ1+σ2−σ3
2
)
Γ
(
σ1−σ2+σ3
2
)
Γ
(−σ1+σ2+σ3
2
)
Γ(σ1)Γ(σ2)Γ(σ3)
, (B.19)
which agrees perfectly with the b→ 0 limit of the exact result (see e.g. [10, 12, 37]).
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